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The investigations leading to this paper were suggested by the papers of Hewitt

[3] and Ross [5]. In [3] Hewitt was interested in proving that if an abelian group is

locally compact in two topologies, one strictly stronger than the other, there is a

character continuous in one topology and discontinuous in the other (actually a

special case of a theorem of Kaplansky—see Theorem 1.1 of [2]). Actually Hewitt

proved a stronger result. His arguments were based on the fact that both the addi-

tive group of reals, and the multiplicative group of complex numbers of absolute

value 1 have the property that every stronger locally compact group topology is

discrete. A natural question to ask is what other groups have this property. The

answer is very simple (2.1 of this paper). We consider in the second section of this

paper the obvious generalization. Namely which groups have the property that

there are only finitely many stronger locally compact group topologies. The

investigations in the first section of this paper were suggested by the paper of Ross

[5]. Ross was considering the same question as Hewitt, and was led to consider

the relationship between two locally compact group topologies on a group G such

that G has the same closed subgroups in the two topologies. We investigate this

further in the first section of this paper, and are able to say that many of the

properties of O as a topological group can be recovered once we know the closed

subgroups.

1. Closed subgroups of locally compact groups. We consider here what we can

say about a locally compact group G once we know its closed subgroups. Through-

out this section of the paper R will denote the additive group of real numbers, T

will denote the multiplicative group of complex numbers of absolute value 1, and,

except for 7? all our groups will be written multiplicatively.

1.1. Theorem. The closed subgroups of G determine the open subgroups ofG.

Proof. In case G is abelian, the proof is very easy, for then a subgroup is open

if and only if every subgroup containing it is closed. In the nonabelian case this

does not characterize the open subgroups (every subgroup of 57(3, C) containing

SU{3) is closed, and in fact is either SU{3) or SL{3, C), but SU{3) is not open).

Thus for the general case we proceed by the following steps.

(1) The closed subgroups of G determine the identity component C70 of G. In

fact G0 is the intersection of the closed subgroups 77 with the property that for
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every closed subgroup K and every subgroup £ for which 77 n £<= £ c £, £ is closed.

(2) A closed subgroup 77 of G, with 77 => G0 has the property that H/G0 is com-

pact if and only if for each closed subgroup £ with G0<=£<=77 and every closed

subgroup £ of £ such that £ is of countable index in K, L is of finite index in K.

(3) A subgroup £ of G is open if and only if it is closed, and £ n 77 is of finite

index in 77 whenever 77 is a closed subgroup containing G0 such that H/G0 is

compact.

1.2. Corollary. The closed subgroups determine the identity component of G.

If G is totally disconnected, the closed subgroups determine the topology of G.

Proof. The identity component of G is the intersection of the open subgroups.

If G is totally disconnected the open subgroups form a neighborhood basis at the

identity.

We remark that in the special case where G is compact abelian and totally dis-

connected, this result was proved by Ross in [5].

1.3. Corollary. The closed subgroups determine whether G is a-compact or

whether G is compactly generated.

Proof. G is a-compact if and only if every open subgroup is of countable index.

G is compactly generated if and only if there is a finite subset £ of G, and an open

subgroup H of G with 77/G0 compact, such that G is generated by £ u 77.

1.4. Theorem. The closed subgroups determine whether G is finite dimensional. If

G is solvable and finite dimensional the closed subgroups determine the dimension ofG.

Proof. G is finite dimensional if and only if every strictly decreasing chain of

closed connected subgroups of G is of finite length. In case G is solvable, the

dimension of G is one less than the maximum length of such a chain.

1.5. Theorem. The closed subgroups of G determine whether G is a Lie group.

Proof. O is a Lie group if and only if G is finite dimensional and every closed

totally disconnected subgroup of G is discrete (discreteness is characterized by the

trivial subgroup being open).

1.6. Theorem. The closed subgroups of G determine whether G is compact.

Proof. G is compact if and only if every open subgroup of G is of finite index,

and G does not contain a closed infinite cyclic subgroup.

We remark that this theorem was proved by Ross in [5] in the abelian case.

1.7. Lemma. Let G be a group which we know to be isomorphic to R as a topo-

logical group. Then the continuous automorphisms of G determine the topology of G.

Proof. Fix an x in G. Call an element y of G positive if and only if there is a

continuous automorphism A of G such that y = X(X(x)). (Thus if we think of x as

being 1, y is positive if and only if it is a square.) The set of positive elements

determines an ordering of G, and the topology of G is the order topology.
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1.8. Theorem. The closed subgroups of G determine whether G is a connected two-

dimensional Lie group.

Proof. G is a connected two-dimensional Lie group if and only if G is a con-

nected solvable two dimensional Lie group.

1.9. Theorem. If G is a noncompact connected two-dimensional Lie group, the

closed subgroups of G determine the topology of G.

Proof. Case I. G is not abelian. In this case G is a semidirect product of a

normal subgroup TV and a subgroup L, both of which are one-dimensional non-

compact Lie groups (i.e., isomorphic to 7?). But then the continuous automor-

phisms of TV are those which are inner automorphisms in G generated by elements

of L. Thus Lemma 1.7 applies, and the topology of TV is determined. But then the

topology of L is determined as the topology of the automorphism group of TV.

Finally the topology of G is the product topology.

Case IL G is abelian. In this case we can find closed subgroups 77 and K of G

which are closed in G, such that 77 is a one-dimensional noncompact connected

Lie group, and K is a one-dimensional Lie group, and G = Hx K. But then an

automorphism A of 77 is continuous if and only if for every homomorphism a of H

into K, the subgroup consisting of elements {x, o¡(x)) is closed if and only if the

subgroup consisting of elements ix, a(A(x))) is closed. Thus once again we may use

Lemma 1.7 to see that the topology of 77 is determined. But then a homomorphism

a of 77 into K is continuous if and only if the subgroup consisting of elements

(x, a(x)) is closed. Thus we see that the closed subgroups of G determine also the

topology of K, and thus the topology of G as the product topology.

1.10. Corollary. If G is a noncompact connected solvable Lie group, the topology

of G is determined by the closed subgroups of G, providing G is at least two-dimen-

sional.

Proof. If G is abelian this follows from 1.9 by an obvious argument. For the

nonabelian case an easy induction argument works.

1.11. Theorem. If G is a product of closed subgroups 77 and K each of which is a

one-dimensional compact connected Lie group, the topology is determined by the

topology of 77 together with the closed subgroups of G.

Proof. An isomorphism a of H onto K is continuous if and only if the subgroup

consisting of elements (x, a{x)) is closed. Thus the topology of ATis determined, and

so is the topology of G.

1.12. Theorem. If G is a nonabelian connected Lie group the topology of G is

determined by the closed subgroups of G.

Proof. This follows easily from 1.10, 1.11, and a theorem of Freudenthal [1].
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1.13. Corollary. If the identity component of G is not abelian the topology of

G is determined by the closed subgroups.

Proof. If G is a Lie group this follows immediately from 1.12. The general case

follows from the fact that G has an open subgroup which is an inverse limit of its

Lie factor groups.

Henceforth we shall concern ourselves only with abelian groups.

1.14. Theorem. 7/G is abelian, the identity component of G is not compact, and

G is not one dimensional, the topology of G is determined by the closed subgroups

ofG.

Proof. For every compact subgroup £ of G such that G/£ is a Lie group of

dimension at least two, the topology of G/£ is determined by the closed subgroups

of G/£ (and hence by the closed subgroups of G) as follows easily from 1.10. The

result now follows since G is the inverse limit of such factor groups.

1.15. Theorem. Let G be a locally compact abelian group whose identity com-

ponent is compact, and let y0 be a continuous character on G which is not constant

on the identity component of G. Let y be any other character on G. Then x is con-

tinuous if and only if it satisfies one of the following conditions.

(a) There is a character xi with closed kernel, and there are integers « and m such

that both xiv0 and xTx nave tne'r kernels open.

(h) The kernel K ofx is closed, G/(£ n 77) is a two-dimensional compact connected

Lie group, where 77 is the kernel ofxo, and the kernel ofxxo is closed.

In particular, xo and the closed subgroups of G determine the continuous characters

on G.

Proof. The last assertion follows from the first. The proof of the first assertion

is a routine one, provided that one realizes that an isomorphism from £ to £ is

continuous if its graph is a closed subgroup of TxT. We omit the details.

1.16. Theorem. If the identity component of G is compact, if a character which is

continuous, and is not constant on the identity component is known, and if the closed

subgroups of G are known, the topology of G is known.

Proof. From 1.15 we see that we know all the continuous characters on G.

There is a compact open subgroup £ of G. But then the topology of K is the

smallest topology in which the continuous characters of G are continuous on K. But

since £ is open, this also determines the topology of G.

1.17. Theorem. If the identity component of G is compact, the closed subgroups

of G determine the character group of G as an abstract group, and they determine the

closed subgroups of the character group of G. In fact we may construct a subgroup

L of the group M of all (not necessarily continuous) characters on G, such that there

is an (in general discontinuous) automorphism A of T with the property that the



1967] LOCALLY COMPACT TOPOLOGIES FOR GROUPS 229

automorphism of M defined by y -*■ A ° x takes L onto the icontinuous) character

group of G.

Proof. From our assumptions there is a closed subgroup H of G such that G/77

is a compact connected one-dimensional Lie group. Let y0 be any character on G

whose kernel is 77 (y0 need not be continuous). Let L be the set of characters y

which satisfy either condition (a) or condition (b) of the statement of Theorem 1.15.

From our assumptions on 77 we know that there is an automorphism A of T, such

that A o y0 is a continuous character on G. But then it is obvious from 1.15 that the

automorphism of M defined by y -> A o y takes L onto the (continuous) character

group of M. In particular L is a group, and L is isomorphic to the character group

of G as an abstract group. It is easily seen that a subgroup of L corresponds to a

closed subgroup of the (continuous) character group of G under the automorphism

of M if and only if this subgroup is the intersection of kernels of elements of G

(considered as characters on L).

This theorem tells us what the possible continuous character groups are, pro-

vided we know the closed subgroups. Our next result shows that in the compact

case, any such group can be realized as the group of continuous characters under

some topology with the same closed subgroups.

1.18. Theorem. Let G be a compact abelian group under a topology r. Let A be

a {discontinuous) automorphism of T. Then there is a topology rx on G under which

G is a compact group with the same closed subgroups, and such that a character x is

r-continuous if and only if A o Y is rx-continuous.

Proof. This is obvious if G is the product of copies of T (with r the product

topology). The general case follows from the fact that G can be embedded as a

closed subgroup of a product of copies of T.

We now consider a question asked by Ross in [5]. He asked whether the closed

subgroups of G determine G as a topological group up to isomorphism.

1.19. Theorem. The closed subgroups of G determine G up to isomorphism as a

locally compact group if G satisfies any one of the following conditions:

(i)    The identity component of G is not compact.

(ii)   G is compactly generated.

(iii) For every x in G the smallest closed subgroup containing x is compact (/«

particular if G is compact).

Proof, (i) If G is not one dimensional, this follows from 1.14. If G is one dimen-

sional, its identity component G0 is a one-dimensional noncompact connected h-.c

group, so its topology is determined up to isomorphism. But in this case G is a

product of its identity component and a totally disconnected group, so an appeal

to 1.2 completes the proof.

(ii) This follows from cases (i) and (iii) together with the structure theorem.

(iii) In this case the identity component is compact, so we may apply 1.17 and
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see that up to isomorphism the character group of G is known, and furthermore the

closed subgroups of the character group are determined. But our assumptions

imply that the character group of G is totally disconnected, so an application of

1.2 shows that the character group of G as a locally compact group is determined

up to isomorphism. The result now follows from the duality theorem.

1.20. Remark. It is easy to conclude from what we have proved that the set of

continuous characters on G determines the topology of G as a locally compact

group (since the closed subgroups are then determined as being those which are

intersections of kernels of continuous characters). We omit the details, since in any

case a stronger result is already known (Theorem 1.1 of [2]).

For the remainder of this section of the paper we will assume that G is a locally

compact abelian group under each of two topologies rx and r2. We assume further-

more that every Ti-closed subgroup is r2-closed.

1.21. Theorem. Every rx-open subgroup is r2-open.

Proof. If 77 is Tj-open, every subgroup containing 77 is ^-closed, so every sub-

group containing 77 is r2-closed, so 77 is r2-open.

1.22. Theorem. If G is r2-compact it is ry-compact.

Proof. If 77 is Ti-open it is r2-open, so of finite index. Furthermore G does not

contain a ivclosed infinite cyclic subgroup, since otherwise it would contain a

T2-closed infinite cyclic subgroup.

1.23. Theorem. If G is r2-compact, the ryidentity component and the r¡¡-identity

component are identical.

Proof. Let 77 be the Tj-identity component. Obviously the r2-identity com-

ponent is contained in 77 (this follows from 1.21). On the other hand, since 77 is

reconnected it is divisible. Thus in the topology r2, 77 is compact and divisible,

from which it follows that 77 is reconnected, thus completing the proof.

1.24. Theorem. If G is rytotally disconnected, r2 is stronger than rx. If G is r2-

compact and r2-totally disconnected, Ty and r2 are identical.

Proof. This follows immediately from 1.21, 1.22, and 1.23.

If t2 is actually stronger than ry, and if G is r2-compact, it follows that rx and

t2 are identical, so every r2-closed subgroup is -^-closed. One might ask whether

always if G is r2-compact every r2-closed subgroup is ^-closed. The example below

shows this fails.

1.25. Example. Denote by K the compact abelian group whose character

group is the additive rational numbers with the discrete topology. Since K is

divisible and torsion free, £ is an abstract group, a direct sum of copies of the

rationals. Likewise T as an abstract group is a direct sum of its torsion subgroup

and copies of the rationals. A simple cardinality argument then shows that as

abstract groups T and £x £ are isomorphic. Let p be an isomorphism of T onto
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TxK. Define the topology rx on Tto be the usual topology, and define r2 to be

the topology which is induced from the usual topology on TxK via the isomor-

phism p. Since the only Tj-closed subgroups are the finite subgroups, we see that

every ivclosed subgroup is r2-closed. However, even though the group is r2-

compaçt, there is a subgroup (for example p~\Kf) which is T2-closed but not

Ti-closed.

2. Stronger topologies for locally compact abelian groups. In this section of the

paper, which is independent of the earlier part of the paper, we consider the ques-

tion of which locally compact abelian groups have the property that the only

stronger topology under which the group is a locally compact group is the discrete

topology. This turns out to have a simple solution. We then consider, and solve,

the problem of determining which locally compact abelian groups have the

property that there are only finitely many stronger topologies in which it is a

locally compact group.

Notation. Since we shall only be concerned with abelian groups we shall

always use additive notation, and shall denote the zero element of the group by 0.

For a locally compact group G we will denote the connected component of the

identity by G0, and we will denote the group of continuous characters by G^.

Unless we specifically mention otherwise all our groups will be locally compact

abelian. R is the usual group of real numbers, T is the unit circle of the complex

plane under multiplication (but we shall write the operation as addition), and Zp

ip a prime) is the additive group of integers of the/j-adic field. We recall that Zp is

a locally compact integral domain.

2.1. Theorem. Let G be a locally compact abelian group. Then every stronger

locally compact group topology on G is discrete if and only if G is discrete, or G

contains an open subgroup isomorphic to either T, R, or Zv.

Proof. If G contains an open subgroup isomorphic to either Tor R every strictly

stronger topology in which G is a locally compact group is well known to be dis-

crete, since both T and 7? are Lie groups. Suppose G contains as an open subgroup

the group Zp. We might as well assume that G is Zp. Clearly in any stronger topology

G is totally disconnected, so there is a compact open subgroup K. If K is the

identity, it follows that the stronger topology is the discrete topology. If it is not

the identity, we will show it is open in Z„, and hence the stronger topology on G is

the same as the original topology. We must show that every closed subgroup of

Zp is open (or equivalently, is of finite index). By passing to the character group

this is obvious. For the converse, suppose that every stronger locally compact

topology on G is discrete. Suppose that 77 is a closed subgroup of G. If 77 is neither

open nor discrete, we could give G a strictly stronger nondiscrete topology by

giving 77 its relative topology, and topologizing G so as to make 77 an open sub-

group. It follows then that every closed subgroup of G is either open or discrete.

Then if G is not totally disconnected, its identity component is open. In this case
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there is therefore no loss of generality in assuming G connected. But then there is

a nontrivial character on G, and its kernel must be discrete, so it is a local isomor-

phism of G onto T. Thus G is either T or £. (More correctly G contains either £ or

£ as an open subgroup.) In the totally disconnected case, by passing to an open

subgroup if necessary, we may assume G is compact. If every element of G is of

finite order, an easy application of the Baire category theorem shows that G is of

bounded order. Thus G~ is of bounded order, and hence a sum of finite groups.

Correspondingly G is a product of finite groups and if it is not a finite sum there is

a closed subgroup which is neither open nor discrete. This is impossible, so in this

case G is discrete. Otherwise G contains an element of infinite order and hence a

compact monothetic infinite subgroup, which must necessarily be open. Thus we

may assume that G is monothetic. By writing G as a product of groups correspond-

ing to the primary decomposition of G~ we see that G contains Zp as an open

subgroup for some prime p (see p. 408 of [4]). This completes the proof.

2.2. Lemma. Let py, p2,..., pn be distinct primes. Let H be a closed subgroup of

ZPl xZ„2 x ■ ■ ■ xZPn. Then

77 = (77 n ZP1) x (77 n ZP2) x ••• x (77 n ZPJ.

Furthermore, for each i, 77 n ZP| is either the trivial group, or is open and isomorphic

to ZPi.

Proof. Denote by 771 the subgroup of the character group of ZPl x ZP2 x • • •

x ZPn consisting of those characters which vanish identically on 77. Then the proof

is easily completed by taking the primary decomposition of 771.

2.3. Lemma. If G is a compact abelian group which is a product of infinitely many

nontrivial compact groups, we may find for each real number r a compact subgroup

Gr such that for r<r', GT<Gr- and Gr\Gr is infinite. Consequently we may find for

each r a locally compact group topology on G, stronger than the original topology

of G, such that for r<r', the topology corresponding to r is strictly stronger than the

topology corresponding to r'.

Proof. The second assertion follows from the first, for we may define the

topology corresponding to r by declaring Gr to be open, while giving Gr the relative

topology as a subgroup of G. For the first assertion, observe that we may assume,

by combining factors if necessary, that G is a product (that is direct product) of

countably many subgroups. We may index these subgroups by the rationals. Thus

suppose they are denoted by 77q (for q a rational). Then we define Gr to be the

subgroup of G consisting of those elements whose component in 77, is zero for

every q > r. It is easily checked that the lemma is now true.

2.4. Corollary. Let G be an infinite compact abelian group in which every element

is affinité order. Then the number of strictly stronger topologies has at least the

power of the continuum.
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Proof. Such a group is an infinite direct product of finite groups (see p. 406 of

[4]).

2.5. Corollary. Let G be a compact abelian group, and suppose that in the

primary decomposition of G^ there are infinitely many nontrivial factors. Then the

number of strictly stronger locally compact group topologies on G has at least

the power of the continuum.

Proof. Under these conditions G is an infinite direct product.

2.6. Lemma. Let G be a locally compact group of dimension at least two. Then

the number of strictly stronger locally compact group topologies has at least the

power of the continuum.

Proof. G has a factor group which is a Lie group of dimension at least two.

Since one-parameter subgroups of this factor group may be lifted to one-parameter

subgroups of G, it is easily seen that the number of distinct one-parameter sub-

groups of G has at least the power of the continuum. For each such one-parameter

subgroup, we may define a locally compact group topology on G by making the

one-parameter subgroup a one-dimensional Lie group, and topologizing G so as to

make this subgroup open.

2.7. Lemma. Letp be aprime. Then the number of distinct locally compact group

topologies on Zv x Zp stronger than the usual topology has at least the power of the

continuum.

Proof. For each element a in Z„, let 77a be the subgroup of Zp x Zp consisting

of elements (z, az) (recall that Zp is an integral domain). Define a topology ra by

giving 77a its relative topology, and topologize Zp x Zp so as to make 77a open. It

is easily checked that the topologies ra are all distinct and clearly their cardinality

is that of the continuum.

2.8. Lemma. Let G be an infinite compact abelian group, such that every element

ofG~ has order a power of p for some fixed prime p. Suppose that the cardinality of

the set of locally compact group topologies stronger than the given topology is less

than the power of the continuum. Then G contains an open subgroup isomorphic to Zp.

Proof. From 2.4 we see that G has an element z of infinite order. Let 77 be the

closed subgroup it generates. But 77 is isomorphic to Zp (see p. 408 of [4]). We claim

that 77 is open. If not, the group G/77 is infinite and compact. As in the proof of

2.4 we see that G/77 has an element of infinite order. Let y he an element of G

which maps onto an element of infinite order in G/77. Then it is easily seen that the

closed subgroup of G generated by y and z is isomorphic to Zp x Zp, so 2.7 gives us

the desired contradiction, so 77 is indeed open, and the proof is complete.

We now have enough information at our disposal to determine which are the

locally compact abelian groups with only finitely many stronger locally compact

group topologies.
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2.9. Definition. Let py,p2,-.-,pk he distinct primes. We define £PlP2...P/c to

be the compact abelian group whose dual group is algebraically the additive group

of rationals m\n for which pltp2,...,pk are the only primes dividing n.

2.10. Theorem. A locally compact abelian group G has the property that the set

of stronger locally compact group topologies has cardinality less than that of the

continuum if and only if G contains as an open subgroup one of the following groups:

(a) The trivial group,

(b)£,

(c) T,

(d) ZPl xZ„2 x • • • xZPn (py,p2, ■ ■ -,Pn distinct primes),

(e) £plP2...p„ (px,p2, ...,pn distinct primes),

(f) R x Zp¡ x ■ ■ - x ZPn (py, p2,...,Pn distinct primes),

(g) TxZPlx ■■■ xZPn (py,p2, ...,pn distinct primes),

(h) £Pl...Ps xZPs+ , x • • • xZPn (py, ...,pn distinct primes).

In these cases the number of stronger topologies is

(a) 1

(b)2

(c) 2

(d)2»
(e) 2n+1

(f) 2n+1

(g) 2«+1
(h) 2n+1.

Proof. We first establish the formula for the number of stronger topologies in

cases (a),..., (h). Using the structure theorem (p. 90 of [4]), and similar arguments

to those in the proof of 2.1 it is easily seen that in cases (a), (b), (c), (d), (f ) every

stronger topology is obtained by taking a closed subgroup (which can be chosen

to be a product of some of the direct factors of the group) giving the subgroup its

relative topology, and topologizing the group so as to make the subgroup open.

The formula for the number of stronger topologies then follows. In cases (e), (g),

(h) the groups are factor groups of the group in (f) by an infinite cyclic subgroup,

and are thus locally isomorphic. It is easily seen that the stronger topologies are in

one-one correspondence with the stronger topologies of the group in case (f ), and

the formula follows. Suppose now that the number of stronger topologies on G has

cardinality less than the power of the continuum. Consider first the case where G

is totally disconnected. By passing to an open subgroup if necessary, we may

assume that G is compact. We may apply 2.5 to conclude that in the primary

decomposition of G~ there are only finitely many nontrivial factors. By applying

2.8 to each of the corresponding factors of G we see that G has an open subgroup

ZPl xZP2 x • • • xZPn. We next consider the case when G is connected. We are

assured on account of 2.6 that G is one dimensional. If G is either £ or £ we are
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done. Otherwise we may find a closed totally disconnected subgroup K such that

G¡K is isomorphic to T. Every stronger topology on K yields a stronger topology

on G since we can always topologize G so that K is open. Thus from the case we

have considered, K is isomorphic to ZPl x ZP2 x • • • x ZPn- (more precisely, an open

subgroup has this form, but we may always replace K by such an open subgroup).

By considering the character group of G it is easily deduced that G is isomorphic

to KPlP2...Pn. Next we consider the case that the identity component of G is not

compact. By passing to an open subgroup if necessary we may assume that G is

isomorphic to RxK where Kis a totally disconnected group (because of 2.6 G is

one-dimensional). Applying the totally disconnected case to the group K we see

that G contains as an open subgroup the group of case (f). Consider now the case

where the identity component of G is isomorphic to T. Since T is injective (its

character group is projective) we see that it is a direct summand, and the argu-

ments we have used for the previous case can be adapted to show that G has as an

open subgroup the group of case (g). Finally we consider the case that the identity

component is compact, nontrivial, and not isomorphic to T. If the identity com-

ponent is open this reduces to the connected case. We assume then that G0 is not

open. By passing to an open subgroup if necessary we may assume that G is

compact. Again there is a compact subgroup K of G such that G\K has an open

subgroup isomorphic to T. Again, from the totally disconnected case, we know

that K is isomorphic to ZPl xZP2 x • • ■ xZPn. By passing to an open subgroup

of K and renumbering the p¡ if necessary, we see that G0 n K is isomorphic to

ZPl x ZP2 x • • • x ZPs for some integer s < n. Thus we conclude that G0 is isomor-

phic to 7CPlP2...Ps exactly as in the connected case, and furthermore we conclude

that G has an open subgroup isomorphic to G0xZPs+ 1x ■ ■ ■ xZPn. This completes

the proof.

2.12. Remark. I have not thought much about this, but it does seem likely that

the same techniques can be used to prove that if an abelian group is a locally

compact group under two topologies rx and r2 with r2 stronger than rx, the number

of locally compact group topologies lying between the two topologies rx and t2 is

either finite, or has at least the power of the continuum.
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